Abstract. We study a reaction-di usion equation model for population dynamics. By focusing on the di usive behavior expected in a population that seeks to avoid over-crowding, we derive a nonlinear-di usion porous-Fisher's equation. Using explicit traveling wave solutions, initiallyseparated, expanding populations are studied as they rst coalesce. The nonlinear interactions of the merging populations are examined using perturbation theory and the method of matched asymptotic expansions. Results are also extended to the axisymmetric case.
(1) is a simple model that describes the evolution of a population density function u(x; t). Fisher's original work considered the spreading of a gene throughout a population, but (1) has also been applied to combustion problems 11] and chemical systems such as the Belousov-Zhabotinskii (BZ) reaction 5], 9]. The interaction of di usion and nonlinear reaction terms in Fisher's equation yields steady-pro le traveling waves of the form u(x; t) = U(z); z = x ? ct; (2) which describe saturated populations with u = 1 expanding into empty regions with velocity c. We will study the interaction of two such populations in the generalized model where J is a population ux vector and F (u) is a nonlinear reaction term. Gurney and Nisbet 6] suggest that one important consideration is the desire for individuals to avoid crowded areas. Neglecting random di usive motion in the population, this behavior is characterized by the ux J = uv, where v is a velocity vector opposite to the direction of maximal density increase, v / ?ru. If we allow both local density and local gradients to contribute to the anti-crowding impulse, the ux may be written as J = ?u ru; Typeset by A M S-T E X where > 0, and for = 1 we recover the \directed motion" model of Gurney Murray 9] describes how this model has been used to represent \population pressure" in biological systems. The population distributions for this model have distinct boundaries, called interfaces, beyond which the population density is identically zero. This property makes this model particularly attractive for the study of localized structures. To make use of explicit traveling wave solutions found by Newman 9] , 10], 11], we will take the nonlinear reaction term to be F (u) = u(1?u ) with = . Kolmogorov, Petrovsky and Piscouno (KPP) 8] showed that for a general class of reaction terms of this form, the resulting reaction-di usion model yields similar behavior to (1) with the Pearl-Verhulst ( = 1) reaction term. We will now use perturbation theory and matched asymptotic expansions to study the dynamics of merging traveling waves in one dimension. We will also go on to show how these results can be applied to merging \target patterns" in the BZ reaction.
In one dimension, (3) with = , reduces to
on ?1 < x < 1. Newman 11] has shown that (6) has the unique traveling wave solution
where (w) + max(w; 0) and with velocity c = 1=
Using translations and re ections of (7) we can write a family of solutions to (6) . For example, + is a re ected traveling wave moving to the left, starting from position x = x 1 at time t = 0. Using these two solutions, we now produce a description for merging populations. 
Fig. 1. Merging traveling waves
While the populations represented by u 0 (x; t) and u 1 (x; t) remain separated (see Fig. 1 ), there will be no interaction between them and the overall population distribution is u(x; t) = max (u 0 (x; t); u 1 (x; t)): (9) This solution describes two populations moving toward each other; the two populations rst meet at x = (x 0 + x 1 )=2;
Hence, if the initial population distribution at time t = 0 is given by u 0 (x) = u(x; 0) then u(x; t) will be the exact solution for times 0 t t . In fact, we can consider a broad class of initial conditions similar to u 0 (x) representing initially widely-separated populations, since KPP 8] showed that each such population will eventually approach a traveling wave pro le U(z).
At time t , the populations begin to merge and interactions take place. For t > t , u(x; t) is no longer an exact solution; it requires a correction in the neighborhood of x . Equation (9) incorrectly predicts that at x the populations will \pass through" each other with no interactions (see Fig. 2 ). While near x , u(x; t) is not accurate, away from x , we will show that it correctly describes the behavior of the bulk of the population. We will now use perturbation methods to solve the inner problem for the merging dynamics in the neighborhood of x .
We will study (6) for short times after the merger at t = t , so we rescale time as
where 1 is a small parameter. Observe that at x , u(x; t) at time is U(? c ), and from (7) 
Therefore we observe that in the neighborhood of x , the population-merging dynamics are di usion dominated; the reaction terms do not a ect the solution to leading order. 
We present the analysis for the case = 1, corresponding to the simple directed-motion model and the Pearl-Verhulst reaction term, where the algebra becomes straightforward. From considerations of (19), (20) 
Consequently, the leading order uniform asymptotic solution to (6) is the sum of the outer traveling wave solution (9) 
We observe that e ects of the merging interaction propagate from the interface back into the bulk of the populations with distance proportional to O(t 
Hence, as t ! t + , the corrections to the outer solution are asymptotic beyond all orders. Therefore, (9) correctly describes the outer solution even for short times after the merger. 
Expanding u(r; t) u 0 (r; t) + u 1 (r; t) + : : : in (28) as ! 0, yields (6) at leading order for u 0 (r; t) = U(r?ct). Similarly, at O( ), u 1 (r; t) can be found to be of traveling wave form; the rst deviations from traveling wave form enter at O( 2 ). We note that this solution for the circular traveling wave case yields patterns for the front positions during merging that are very much like the \merging target patterns" observed in the BZ reaction (see Fig. 3 ). 
